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A novel analytic method for deriving and analyzing probability distribution
functions of variables arising in random walk problems is presented.
Applications of the method to quasi-one-dimensional systems show that the
generating functions of interest possess simple poles, and no branch cuts outside
the unit complex disk. This fact makes it possible to derive closed formulas for
the full probability distribution functions and to analyze their properties. We
find that transverse structures attached to a one-dimensional backbone can be
responsible for the appearance of power laws in observables such as the dis-
tribution of first arrival times or the total current moving through a {model)
photoexcited dirty semiconductor (our results compare well with experiment).
We conclude that in some cases a geometrical effect, e.g., that of a transverse
structure, may be indistinguishable from a dynamical effect (long waiting time);
we also find universal shapes of distribution functions (humped structures)
which are not characterized by power laws. The role of bias in determining
properties of quasi-one-dimensional structures is examined. A master equation
for generating functions is derived and applied to the computation of currents.
Our method is also applied to a fractal structure, yielding nontrivial power laws.
In all finite networks considered, all probability distributions decay exponen-
tially for asymptotically long times.

KEY WORDS: Random walk; probability distribution functions; first
passage time; scaling.

1. INTRODUCTION

In recent years, with the realization that many disordered systems have
interesting geometric structures, some of which have been coined fractals, it
has become clear that random walks""® on such systems provide a
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worthwhile research topic. These systems do not enjoy the simplicity of
periodic lattice structures; however, they exhibit many exotic properties
and new physical phenomena.® The extensive literature in such fields as
percolation® or flow through porous media‘>® is merely a part of the
work in this domain.

Since nontrivial geometry plays an important role in the field of dis-
ordered systems, it is of crucial importance to differentiate between purely
geometric effects and dynamical ones, whenever possible. For example, the
difference between diffusion in a periodic system and in an irregular one is
a geometric effect,'”® since the microscopic mechanisms are (in many
cases) the same in both systems. As shown below, one may obtain
geometrical effects that mimic dynamical effects. In such cases the
distinction might be difficult to make.

Investigations of properties of random walks have mainly concen-
trated on mean quantities, such as mean first passage times and low
moments of various observables. Detailed distribution functions (such as
the distribution of first arrival times) have rarely been presented in
analytical form. Obviously, full distribution functins are measurable in
many cases and are of both physical and mathematical interest.

In the present work, we present methods for deriving full distribution
functions of various physical quantities. Our formulas are analytic and we
show how one can use them to deduce asymptotic properties such as
various power laws characterizing correlations and spectra. The method
and terminology used below rely heavily upon Ref. 9, in which a method
for deriving generating functions was presented. Most of the applications
below are to quasi-one-dimensional systems which are not lattice systems.
Applications to higher dimensional systems will be presented in future
publications.

The structure of this paper is as follows. In Section 2 we present the
framework of the method for calculating distribution functions. In Sec-
tion 3 we calculate the distribution functions for first passage time and first
return time on a segment. Section 4 generalizes the results obtained for the
simple segment to the case of a segment with dangling bonds. In Section 5
we evaluate the role of bias on the diffusion process and compare some of
our results to an experiment. In Section 6 we present a brief summary of
the results and relate to future work. Since some of the computations are
rather lengthy, we present them in Appendices. Appendices A and B
contain the detailed calculations leading to the results of Section 3 and 4.
Appendix C contains computational details related to Section 5.
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2. DEFINITIONS AND ASPECTS OF THE METHOD

In this section we review the main features of the method described in
Ref.9. As there, we restrict ourselves to nearest neighbor hopping in
discrete time. We consider networks composed of connected segments
(each of which is composed of a finite number of points; cf. Fig. 1).

The following quantities’® are called elementary probability dis-
tributions:

1. X,(n): the probability to stay for n (time) steps at a point where
the staying probability per step is r. Obviously: X,(n) =r".

2. T ,z(n): the probability to leave a point 4 on the first step and
reach point B, for the first time, in # steps without ever returning
to 4.

3. Q. x(n): the probability to leave a point 4 on the first step and
return to A for the first time without ever reaching B.

The probability to leave a point 4 and reach point B, for the first time,
in n steps (the walker is allowed to return to A as often as desired) is
denoted by G ,,x(n) and is not “elementary”: it is expressible in terms of the
elementary probability distributions.®

The generating function associated with a probability distribution
P(r)is

e}

F(zy= ) z"P(n) (2.1)

n=0
The sum of probabilities P(n) does not exceed unity, so that (2.1) is an
absolutely convergent series on the unit disk. In principle, P(n) can be
derived from F(z) by the use of Cauchy’s theorem. For the sake of

Fig. 1. A “random” network of points. The lines are drawn to guide the eye.
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definiteness (and without limiting the generality of our results) we have
chosen to assume that the probability of hopping from a point to any of its
nearest neighbors in a single step is 1/4; it is zero for points other than itself
and its nearest neighbors (we thus allow at most four nearest neighbors).
When biased walks are considered, this assumption is modified.

It is easy to see that the generating function corresponding to staying
at a point that has k nearest neighbors® is

1

Xlik/4(2):—l:-(l—~k/4_)

Other generating functions are presented in Ref. 9. When no confusion
can arise, we shall denote the probability function and its corresponding
generating function by the same letter.

3. DEMONSTRATION IN A SIMPLE CASE: RANDOM WALK
ON A SEGMENT

The problem is to calculate the probability distribution P,(n) for a
walk starting at one end (point “0”) of a segment of length N (i.e., having
N+ 1 points) and reaching its other end (point “N™) in # steps under given
restrictions (see Fig. 2). We define the following functions: ¢, =T, , and
gy=Qon- We found in Ref. 9 that

_[Z : XI/Z
QN+1—<4> ___1—X1/2q,y (3.1)
and
thli(qN+1_q/:l\2(1—Xl/ZqN)jll/z (3.2)
12
Hence
i) 63)
44 )
0 U O
0 I 2 N

Fig. 2. The straight segment. Each loop attached on the sites indicates the (1/4) probability
to stay.
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The solution® of Eq. (3.1) is

AL SLES
QN:<—> X1/2+—‘—~_

4 AN —AN
where
1+ (1—4a)” ‘
Ay = 7 (3.4)
A
A = (3.5)
+
z 2
a= ZXl/z (3.6)

Note that A is a known function of the complex variable z. In terms of 4

1 A4 1—a¥"

= =7 37
XA+ 1-47 (37)
It follows from Eq. (3.3) that
_Z qv—np2 1—4 38
=31 1— AV (3:8)

We now wish to analyze the structure of ¢, and ¢, in the z plane. First of
all, we show that g, and ¢, possess no branch points in the complex plane.
Clearly, (X,,)”"' is analytic in z. There are three possible “sources” of
branch points in Eq. (3.8). Either A diverges or it has a branch point itself
or A =0 in the complex z plane (and N—1 is odd). The quantity ¢, can
have a branch point only if A4 has one. However, 4 =0 implies, using
Eq. (3.5), that A_ =0 or 4, = 0. Using Eq. (3.4), we find that a=0 or
a=o0 is implied, respectively. Equation (3.6) implies z=0 and z=2,
respectively. However, z=0 cannot be a branch point because ¢,(z) and
ty(z) are analytic inside the unit disk. When z—>2, g — o0, and 4 - —1
[from Egs. (3.4) and (3.6)], contrary to the assumption 4 =0. Hence 4 #0
in the complex z plane. It is also impossible for A to diverge, since
Egs. (3.4) and (3.5) then imply that A, =0, which can happen only for
z=0, where we know that g, and 2, are analytic. Finally, we have to
check whether A itself has a branch point. Upon inspecting Egs.
(3.4)—(3.6), we see that A can have a branch point only when a=1/4. It
follows from Eq. (3.6) that at this point z=1. The function (a) is analytic
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at z= 1. In the neighborhood of this point we have z =1 + g, where ¢ < 1,
and

Ay =1+[—4a'(1)ge]"? (3.9)

Upon a rotation around z=1 from ¢=0 to ¢ =2r, we have 4 > A4 L.

Since g, and ¢, are invariant under this transformation, they have no

branch points. The only possible singularities of ¢,{z) and #,(z) in the

complex plane are poles. When z— o0, 4 -1 nd hence g, and ¢, are

bounded for large enough z. This means that contour integration of g,/z"

and 1 ,/z" for contours with z large enough tend to zero as z — oo if n> 1.
The poles of ¢, are located on the unit circle in the A plane:

A,=e¥N  p=1.,N—1 (3.10)

and A itself has no pole. When z — o0, then 4 — 1 and ¢, — z/4N. Con-
sequently, application of Cauchy’s theorem, when F(z) is replaced by #,(z)
or g,(z), can be performed by considering the poles outside the unit disk.
When N > 1 the “contour at infinity” makes no contribution. The technical
details are presented in Appendix A. The result is

1 St p np
_ VPl cos | ) o | 2 11
=gy X 7 tes (e (TE) 6

For large n, ty(n) is dominated by the first term in the sum, i.e., by the pole
closest to unity. Approximating the cosine by an exponential (for N> 1),
we obtain for large »

_ i m\? —(n/2N)n 3.12
= (35 ¢ (.12)
which is a valid approximation for n> N
Figure 3 presents a plot of ¢4, versus n and the asymptotic exponen-
tial decay is indeed observed [the dotted points correspond to Eq. (3.12)].
Next, we wish to derive the probability distribution G y(#n) for the first
passage time from “0” to “N.” As shown in Ref. 9,

Xaut
Gy= 3aln

= (3.13)
1 —X3/461N

Substituting the expressions for ¢, and g, [Egs. (3.7) and (3.8)] into
Eq. (3.13), we have for G, in the variable u= \//I

_zu" A+ p)’

VTR T G149
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i

G|Oo(n)

tloo(ﬂ)
162}

107 - | '\
—Gyppln)

— o §

\. oo™
o l I — 5 n
10 10 10 10
Fig. 3. Plot of G and ¢,y versus n for the straight segment (thick lines). The crosses are
the asymptotic values as given by Egs. (3.15) and (3.20). The asymptotic approximations are
seen to agree reasonably well with the exact results for n> (n) [ie., (n)> =~ 2/3N? for Gy and
{nyx2N(N+1)for ty].

The poles of G, are located at

27
o= —expﬁ, p=1,.,2N (3.15)

As before, G, has no other singularities but poles in the complex z plane.
In this case we find (see Appendix A)

__\N 2N
(5 (e sin P i (3.16)

G =
) N+ 1~ INT1 PN

The leading term for n3» N comes from the pole corresponding to p=N
and p=N+1 (which is the same pole). Asymptotically
T

eN ) = g~ (H/ANYn (3.17)
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(see the dotted points in Fig. 3). The slower exponential decay (with
respect to that of ) is due to the fact that the walker is allowed to return
to the origin. The mean first passage time (MFT)is (n)» =2N(N+ 1). This
result is obtained by using Eq. (3.16) or directly (see Ref. 9).

4.. RANDOM WALK ON A SEGMENT WITH DANGLING LOOPS

The system we consider is shown in Fig. 4. The “length” of each loop
is m and the length of the segment is N. Define r,, to be the generating
function corresponding to the probability to leave a site on the “backbone”
on the first step, enter the loop of length m, and return to the same site for
the first time at step “n.” Since the walker may either return through the
direction of entry into the loop or go all the way around the loop, we
obtain

T =2qm+1,) (4.1)

Next, define Y, (z) to be the generating function corresponding to the
probability to go from a site on the backbone back to itself, without
leaving to another site on the backbone. Summing over all multiple
excursions into the loop, we have

Yo=1+4r,+ )+ - =1/(1~-r,) 4.2)

Note that for m=1, we have r,,=2¢t, =z/2 and ¥, = X,,,, which reduces to
the previous case (i.e., no dangling loop).

The recursion relations for @, and T’ are the same as Eq. (3.1) and
(3.2) with X, replaced by Y, (at the first step the walker must go to site
“1”). The recursion relations now read

z\? Y,
0-3) i=¥an W
00 [ 2 - N-I N

Fig. 4. The straight segment with dangling bonds. The extra little loop at the origin (site
“0”) represent the staying probability there (1/4 in the absence of bias).
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and

T,= [(Q(NH)- On)(1— YmQN):ll/z
Y

m

2
z
=(-Y 4.5
Then define A, and A as in Egs. (3.6) and (3.7). Q and T are given by
expressions identical to Egs. (3.7) and (3.8). Consequently,
1—(1—4a)'?
1+ (1 —4a)'”?

(4.4)

Define

A= (4.6)

It follows from Egs. (4.5) and (4.6) that

Zy 4 (4.7)

4 n A~+—1

As before, the only singularities of T, are on the unit circle in the 4 plane.
The location of the pth pole in the z plane follows from the expression for
Y, in (A.10) and Egs. (3.10). Using Eq. (4.7), we obtain

2 sin?(np/2N) = sin 6 tg(mb/2) (4.8)
where 0 is defined by
|
" cos¥(6/2)

Equation (4.8) has m real solutions (or m — 2 solutions, depending on the
lhs). This fact is exhibited in Fig. 5, which shows the rhs of Eq. (4.8) and its
intersections with a fixed value of the lhs of this equation. It can be proven
(see Appendix A) that Eq. (4.8) has only one complex solution at 8 =n + iy
and y = O(1/m) for large enough m. Since 6 = n corresponds to z = oo, this
solution is not relevant for large m and » (see Appendix B). Since p can
assume N — 1 different values, the number of solutions of Eq. (4.8) equals
N—1)(m+1). It is important to notc that z=1 is not a pole. Using the
pole structure, we can now evaluate the distribution function. The result for
Tx(n) is [see Appendix A for a derivation of expressions for Q,(n) and
Gul(n)]:

R . TP N
Tn(n) =iy gl ;} )”“smz—N—cosz‘ “~2ﬂtg—2£
N . 1+ 095 mé, (49)

msin 6, +sinmb, cos 0,
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| i | | 2sin” 3§

NN
NN

Fig. 5. Plot of the “pole equation” [Eq.(4.8)] for m=7,8. The horizontal line equals
2 sin*(np/2N).

m=

8
46

where {0,} is the set of solutions of Eq. (4.8). Substituting m=1 (no
loops), we recover Eq. (3.11).

Obviously Y,, is the generating function for the mean waiting time
distribution ¥,,(n) [denoted ¥(¢) by Montroll and Weiss"'*']. The mean
first passage time (n) follows in accordance with the result in Ref. 9, and
the mean waiting time 7 is

f=2m—1 (4.10)

Note the linear dependence of the waiting time on the length of the loop m.

Figure 6 contains plots of Gy as a function of # for several large values
of m [see Eq. (A.18)]. G y(n) has been normalized by its value at the MFT.
Note that hump structure of Gy, which shows up distinctly for m =100
(N = 10). It exists for higher values of m, too. Asymptotically for n — oo the
decay of G, is exponential, as expected. When one plots G y(n) for several
values of m keeping the parameter a=m/N>={/{(n) fixed, the resulting
shapes are similar in the region of {n) (see Fig. 7). When a < 1 the shape
of G, is similar to the one obtained in the absence of dangling bonds. The
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G|o/G|o(<ﬂ>)
103
m=1200
0% - G/ Gol<n=)
0F
I -
0" F
02k m=600
m=200
m={00
107}
1 L L ! [
102 102 1o} | |on/<n>

Fig. 6. Plot of G, for m =100, 200, 600, 1200 normalized by their MFT value versus n/{n .

humped structure appears for « =1. When « > 1 this structure disappears.
It is interesting to note that at n= {n) we have a transition in the slope,
from a plateau-like to an exponentially decreasing behavior. In Appendix B
we present an asymptotic analysis of T(n) and Gu(n). In the n— oo
asymptotic regime, these functions are dominated by the pole closest to
unity, yielding a simple exponential decay. When o> 1 we find an n=%?
decay (see Appendix B) even for intermediate values of n.

Next, consider ¥,,(n), the waiting time distribution. In Appendix A we
give an expression for ¥, (n) [see Eq. (A.20)]. Asymptotically in #n (see
Appendix B) we find

¥ (nyocn™? for 1<n<m? (4.11)

Figure 8 is a plot of ¥, (n). The asymptotic power-law behavior sets in
already at very low n. Starting at n =m?, the decay of ¥,,(n) is exponential.
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N=8, m=48

| ! | -
10 o> 1  0* 1 10 o7 N

Fig. 7. Plots of G for m/N?>=0.75 for N=8, m=48 and N =24, m=432. Both curves have
almost the same shape. Compare with the plateau region with the asymptotic values defining
is, as derived in Appendix B.

10

A similar behavior for ¥, (n) was previously obtained by Scher and Lax >
in a different context in their work on transport in disordered solids. They
obtain a waiting time distribution like Eq. (4.11) based on dynamical con-
siderations, ie., the spectrum of transition rates, whereas our result is of
pure geometric nature. One sees that the same waiting time distribution
can follow from a dynamical model and from a geometric construction.
Thus, it might be difficult to disentangle geometric effects from dynamical
ones. On the other hand, if one knows that very large dangling bonds are
nonexistent in a given physical system, then a very dispersive waiting time
distribution must be of a dynamical nature. In percolation clusters this
dispersion can be of geometrical origin.

It is interesting to note that the formulas for 7y and G [Eqgs. (4.9)
and (A.18)] (as functions of the variable 6) are independent (in form) of



Distribution Functions for Random Walk Processes 267

Y
07

107 ¥ (n)

10 m=80

Fig. 8. Plots of ¥,(n) for m=10, 40, 80 versus n. The decay is clearly n~%? with an

exponential cutofl at n=m?

the transverse structure. The latter enters through the values of 8, only,
which for T, are given by Eq. (4.8). The corresponding equation for G, is
given in Appendix A. Thus, our method enables us to compute these dis-
tribution functions for networks that have transverse structures different
from the one presented here.

5. THE ROLE OF BIAS AND COMPARISON
WITH EXPERIMENT

An example of an application of the method presented above is to the
anomalous dispersion in amorphous solids."'® An early experiment by
Pfister!”) is now briefly described. A thin sample of amorphous solid (e.g.,
As,Se;) is placed between two electrodes. A light flash excites electron—hole
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pairs close to the anode. The resulting electron is absorbed by the anode
and the hole moves toward the cathode. It is assumed that its motion is
governed by hopping. Once the hole reaches the cathode, it is neutralized.
The quantity measured in this experiment is I(¢), the instantaneous total
current of the remaining holes in the sample (and not the number of holes
arriving at the cathode per unit time).

Scher and Montroll"® related the two slopes of the plot of I(¢) as a
function of the time to a parameter a characterizing the tail of the waiting
time distribution, ie., Y(z)oct~"**, where « is material-dependent (e.g.,
a=0.8 for TNF-PVK).""® Let us assume that the waiting time distribution
is of geometric (and not dynamical) origin and that it is due to the
existence of the dangling bonds. Obviously, this assumption is not
necessarily true. We present it as an extreme case in which geometry alone
is responsible for the waiting time. In such a case « is geometry-dependent.
As an illustration, we find [by computing ¥,(r)] that «a=1/4 for the
structure depicted in Fig.9. This is a dangling bond with a loop-
within-loop structure (all loops are of length m), which is self-similar (see
Appendix A).

Consider a one-dimensional system (see Fig. 3) in which the hopping
probabilities are p, in the direction of an external bias (to the right) and p,
against the bias (p, > p,). For definiteness we choose p, + p, = 1/2. Define
b, the bias parameter:

pi=ke” and  p,=xe”?  hence K =1/(4coshb)

Inside the dangling bond we assume for simplicity that the walk is not
biased, i.e., the dangling bond is orthogonal to the direction of the field. In
Pfister’s experiment, typical numbers are: voltage across the system

Fig. 9. The dangling “blob.” The circles are of size m.
‘ Each site of the network is assumed to be attached to

two such blobs.
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J=1000V, thickness of the specimen L =91 um, temperature T~ 300 K.
Therefore (assuming detailed balance), the bias parameter is b = eAV/ekT,
where 4V =V/N is the intersite potential difference, k£ is Boltzmann’s
constant, and ¢ is the dielectric constant. The intersite separation is!'®
1.17 x 10 % cm, so that N=8 x 10° and » = 1. As shown in Appendix C, the
bias is to be considered strong whenever AN > 1, which is obviously the
case here. We now proceed to compute the total current corresponding to
the above model.

The total instantaneous current is composed of contributions due to
carriers that are on the backbone and hop to a neighboring site on the
backbone. Hopping to the right (left) contributes a positive (negative) unit
of current. Define P,(7) to be the probability to be at time 7 at site “k” on
the backbone. The total current I(¢) is obviously equal to (p, — p,) times
the total number of carriers residing on the backbone at time . Therefore
I(1) 1s given by

I([):N(‘(P1—P2)(Fo+p1+ +FN—1)+N<-FOPZ (5.1)

where N, is the number of carriers at 7 =0. The second term on the rhs in
Eq. (5.1) accounts for the fact that the carrier must leave the origin only to
the right. The corresponding generating function P,(z) satisfies the
following “master equations” (A4,, is defined in Appendix C):

POZAm_i—}_)IpZZAm
P,=P, p,zY, + P, p.zY,., k=1,,N-2 (5.2)
PN—I :I_)N72plzym

The rationale for these recursion relations is as follows. The probability to
be at a point 0 <k < N is composed of the contributions of walkers who
must have first reached its nearest neighbors on the backbone, then moved
to “k” and (possibly) wandered through the loop attached to “A” and came
back to it. At k=N —1 there is no contribution of walkers arriving from
k= N, because of the assumed absorbing boundary condition there. Since
all walkers start at k =0, by assumption, the probability P, is composed of
a part due to walkers who never left to k=1 and those who did leave but
eventually returned from k=1 to k=0. Define

Pr=Py+ P+ - +Py_, (5.3)
Summing Egs. (5.2) and using the fact that p, + p, = 1/2, we obtain

Am+PIPZZAm_PlpZZYm_POPZZYm_I_)NflplZYm
1—zY,/2

P,= (5.4)
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We note that Py _, p;z=G . Using (C.13) and the first equation in (5.2),
we have

(5.5)

We are interested in the current for large times (¢ > N) in the limit of very
long dangling bonds. This can be accomplished by use of a Tauberian
argument (see Appendix A.3). First, in Appendix A.3 we show that the
large-¢ limit corresponds to small 8. We also find that [see Egs. (A.10)]

(zY,/2) "' =1 —sin 0 tg(mb/2)
where

¢ 1
A P —
cos?(8/2)
The latter yields, for small 6 (large t), 6 ~2(i¢)"%. In the long-time limit,
sin 8 =0, but for times much shorter than the mean waiting time it is not
necessarily true that tg(m0/2)=m0/2. If m is large enough, tg(mf/2) = O(1).
Note that tg(m6/2) is bounded in the range considered. Equation (A.2)
(6 =x +iy) reads
mb  sin(mx) + i sinh(my)
2 cos(mx)+ cosh(my)

with nonvanishing denominator; since 6=2(i$)"> and ¢ is real, then
y = (2¢)"2. In the small-8 limit, we find, following some algebra and using
Egs. (C.5), (C.6), and (C.10),

) )
Azez”<1—2th—bcoshbtgm7> (5.6)

Hence, for small b, by Eq. (C.16),

. 0 mb
C~l<b+'t’h—l;COShbtg7>

Using Eq. (C.17) and defining

we obtain
_ —2(1—0%/4) e P —e " —2e~ " sinh(b + 0)
T Btg(m0)2) B+ __ p—b

ol

(5.7)
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It remains to evaluate the term P, p, in (5.1). P, is the generating function
to stay at site “0” without leaving to “N.” Using Eq. (C.12), we have

Pozl—_j—ZQ—N (5.8)
Since AN > 1, we have from Eqgs. (C.7) and (5.6)
o, 4
OyrY, A+1
and using Eq. (C.10),
Qnxz(pypaA)?
Finally, using Eq. (C.13) and (5.6), we obtain

1 1
2 (1/2p:)(2Y,,/2) " =1 — (1 - 0p)

j
_ —(02)? 1 mb 1
Fopzm (1/2p2)2 [I“LH(Eth_’})zpz—zJ

Popz

which for large r behaves like 1 ~*? since  ~ \/@ and the factor (=K) mul-
tipling 0 is approximately constant. Thus, P, p,oc 1+ K ﬂ and it follows
that P, p, goes like 1= for (intermediately) large . We consider two
regimes: N6/b>»1 and NO/b<1 (and p=xi/b). When NO/b> 1, then
Proc1/0, ie, Proct™? for t» (N/b)>. When NO/b<1, then P o
N/b(1 —iNOk), ie., Proct™3? for t> (N/b)2 Since P, p, behaves like 1 2,
the behavior of the total current is dominated by P, and I(¢)~ N_PV ..
Thus
t=12  for 1< (N/b)?

I(B)ec {1‘3/2 for 13 (N/b)?

The “transition time” between the two power law regimes is thus propor-
tional to (N/E)®. Experimentally, the transition in the slope (which is used
to operationally define the transit time in Ref. 16) is found to happen at
t=~ (N/E)**. Thus, our results agree reasonably well with experiment. The
correction to the power 2 (i.e., 2.2) must follow either from a dynamical
effect, such as the waiting time distribution, or the oversimplification
involved in the model for the dangling bond. For example, the latter can be
of fractal nature. The time at which the experimental curve starts to decay
exponentially is, according to our theory, related to the mean waiting time
(trapping time). The transit time so defined is noz the mean first passage
time t(b) for a specific carrier. In Appendix C it is shown that

1(b)~ N(2m — 1) coth b = (2m — 1)(N/b)
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which is m-dependent. The factor (2m — 1) is the mean waiting time in a
dangling bond. The effective mean waiting time is thus field-dependent. The
bias effectively reduces the time spent in the “traps.” It is interesting to note
the role of the length of the dangling bond m in this problem. As long as
typical times are much shorter than the time necessary to “sense” the
length of the dangling bond (i.e., the typical time to move through its entire
length), the physics cannot possibly depend on the length m. As a result,
the dangling bond is effectively infinite in length and the dispersion has no
specific time scale: it is a power law. When one considers larger times, the
length of the dangling bond acts as a cutoff on the residence times in it and
one crosses over to exponential decay of the transit time distribution. This
geometric picture seems to be relevant to many other physical systems,
such as porous media. However, as noted above, we cannot rule out a
dynamical, nongeometric, origin of the waiting time distribution, especiaily
in solid-state physics. Both approaches lead, however, to similar results,
which means that in this case, as we mentioned before, it is very difficult to
disentangle geometry from dynamics (without additional information).

6. SUMMARY AND DISCUSSION

We have presented a method to compute the full distribution functions
for random walks on networks. The technical part involves an analysis of
the analytic properties of the generating functions corresponding to these
walks. The key observation in this analysis is that a contour integration
(aimed at finding the distribution function) on the unit circle can be regar-
ded as an integration on the boundary of the domain outside the unit disk.
In this domain the generating functions normally have only simple poles
(we found no cuts, but we encountered examples of multiple poles), which
makes the computation of the distribution fuctions possible. The result in
every case we have presented is a closed formula for the distribution
function. The type of formulas we have obtained can be further analyzed to
obtain simple expressions which are uniformly valid for all times; this
analysis, however, is left to a future publication."” We have seen that for
long enough times, all distribution functions decay exponentially. The rate
of this decay depends on the location of the pole, of the corresponding
generating function, which is closest to the origin. When a random walker
on network can be delayed for long times—either because of the existence
of long dangling bonds or side structures—or because of long trapping
times (waiting times), one expects a power law decay of the distribution for
intermediate times. This power law decay is eventually cut off by the (truly)
asymptotic exponential decay. The physical reason for the existence of the
power law region is as follows: as long as the relevant times are much



Distribution Functions for Random Walk Processes 273

shorter than the relevant time scale (say, average trapping time) the value
of this time is irrelevant.

We have also briefly considered the effect of bias on the distribution
function and the influence of the dangling bonds in this case. The delaying
effect due to the dangling bonds leads, as in the unbiased case, to power
law regions in the distribution functions. The latter can show up as power
laws in other observables, such as the total current in Pfister’s experiment.

An important feature of the results presented is that the effect of
dangling bonds can simulate the waiting time distribution of traps. This
makes the distinction between dynamical and geometric effects quite subtle.
Another feature of importance is the shape of the distribution function for
first arrival. A comparison of our results with numerical simulations®
done on fractal networks or experimental data shows that these shapes are
quite “universal.” We believe that the reason for this shape similarity is the
fact that a percolating cluster has basically a single backbone “channel”
and the rest of the bonds act as dangling bonds. Thus, in spite of the fact
that we have not computed random walks on fractal networks, the results
are similar. A computation of random walks on fractal networks, as well as
other applications, are in progress.

APPENDIX A. CALCULATION OF THE PROBABILITY
DISTRIBUTIONS

In this Appendix we calculate the probability distributions T',(n),
G (1), and Q y(n) for a segment with a dangling bond of length m (Fig. 4).
The case of no dangling bonds corresponds to m=1.

First, we need the following results:

For C, such that 0 < C, <2 the only nonreal solution of the equation
[see Eq. (4.8), where C, =2 sin*(np/2N)]

C, =sin 6 tg(mb)/2) (A.1)
is 8 =n -+ iy, where y is the real solution of

C - sin y sinh(my)
P (=)™ + cosh(my)

The proof is as follows. Define 6 = x + iy. Hence

_m_é)_ sin(mx) + i sinh(my)

2 cos(mx)+ cosh(my) (42)
Define

C,= C,[cos(mx) + cosh(my)]

822/48/1-2-18



274 Noskowicz and Goldhirsch

Therefore
C, =sin x sin(mx) cosh y — cos x sinh y sinh(my) (A3)
0 =sin x sinh(my) cosh y + cos x sinh y sin(mx) '

The quantity C, is always positive, since C,>0 by assumption and
cosh(my)>1 for any real y. Assuming sin x 5% 0, we obtain from (A.3)

o inh

s—l.n(r—n—zc—)cosx=m.—(my)cosh y>0

sin x sinh y

because [sinh(my)/sinh y] > 0. Defining F(x)= —sin(mx) cotg x, we have
F(x)>m. At an extremum x, of F(x) we have

sin(mx,) = m cos(mx,) COS X, sin X,
Hence [since F(x)>m for any x #0 (mod )]
F(x,)= —m cos(mx,) cos’xy >m

which is impossible. We conclude that sinx=0. Thus x=0 or x==x
(0 < x < 2m by definition). But for x =0 it follows from Eq. (A.3) that C,, is
negative, contrary to our assumption. Thus, x = = only is allowed.

In the following, Eq. (A.1) is sometimes called the “pole equation.”

A1. Calculation of T,(n) and Q,(n) for a Segment with Loops

In this case the “pole equation” reads C,=2sin’*(np/2N). Applying
Cauchy’s theorem to (3.8), we have
1—4

—ha dz Ad

T 2mi J 42” 1— AV (&4)

where [ is a contour enclosing the origin. The minus sign is here because

the domain is outside the unit disk. A contour at oo has vanishing con-

tribution (except when n=1), since 4 is bounded everywhere. The only

singularities in the above integrand, which we denote by I, are poles (see
text). The residue Res I at a pole in the z plane is given by

zZ—Z
Res /= lim —P‘>1 A—A . A5
Z = Zpole <A - Apole ( pol ) ( )
where
A oo = €77, p=1,.,N—1 (A.6)

The rest of the calculation is lengthy but straightforward. It is convenient
to define the variables y, 0, and a: z=4u/(1 + u)%, p=¢%, and a =1zY,,.
Hence, from Eq. (4.7),

a=/A/(A+1) (A.7)
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Thus,
1

2T cos2(8)2)

By the chain rule of differentiation (subscripts denote derivatives)

(A8)

ZAZZu.uacaA (A9)
Using Eqgs. (4.2) and (A.8), we write Y, as
y, = . 2/z
1 —sin 0 tg(m6/2)

Doing the chain derivative, we obtain the first factor in the rhs of Eq. (A.4).
The factors in the rhs of Eq. (A.9) are given by

(A.10)

zZ,= L=w
(L +py
2
He = sin ;izzssrgzin mH(I;AA) ie” (A-1h)
gl 1o
S NZIIEY s
where we also used
lim Apoe=A_ 1 iy (A.12)

A — Apole 1—AN N

Summing over the contribution of all poles, we obtain Eq. (4.9). Similarly,

-1zt p 8, 0
Qn(n)=— 3 Y sin?—=cos?"~ D _Ltg 2
N 2 ETTw 2 82

1 +cos mf,

><msin 0,4 sin mé, cos 6, (A-13)

where {0,} is the set of solutions of Eq. (A.1) where C, =2 sin?(np/2N).

A2. Calculation of G,(n) for the System with Loops

Let A4,, be the generating function for leaving point “0” into the first
loop and returning to “0” or staying at “0.” A single incursion into the loop
yields r,, [see Eq. (4.1)]. Summing over all the possible incursions, we have

Ap=1+(r,+z/4)+(r,,+z/4) + -
1 (A.14)
A =TT
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Note that 4,, is the generalization of X, [see Eq. (3.13)]. The generating
function for the first passage time is

_A4,T,
B 1 _AmQN

Substituting v = \/Z [see Eq. (4.6)] and employing Eqgs. (A.14), (3.7), and
(3.8), we obtain

Gy (A.15)

vM(1 —v?)
Gy= {4 y2v+i (A.16)
The poles are now located at
Voole = —€ PN, p=1,.,2N (A17)
We find
G = __\7 211__[7_t o
~(n) 2N+1p§1 %‘,}( ) Sin S S0 o 08T S e

1 4 cos mf,
X -
m sin 6, 4 sin m6,, cos 0,

(A.18)
where {0,} is the set of solutions of Eqg. (A.1). From Eqgs. (A.17) and (4.7)

C,,=2<:oszgv

A3. Calculation of W, (n)

¥ (n) is the probability distribution corresponding ¢ Y,,. We have

—1 2 1
W S A.19
n(n) 2ni L 2"+ 11 —sin 0 tg(mb/2) d ( )

The calculation runs exactly as before, yielding

0 0 1
b d =2 I+l _gin? ~ - A.20
m(n) {Zo:} €08 2 2cos 0+ im(1 + sin’6) ( )

{0} is the set of poles of Y,, [see Eq. (A.10)]. We have

1 =sin 0 tg(mb/2)

Note that ¥,(n) = (3)", as it should.
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In Appendix B we show explicitly that ¥, (n) ~n > for large n. Since
the generating function is the discrete Laplace transform (Poisson trans-
form) of the corresponding waiting time distribution, we can use Tauberian
arguments relating the small-¢ behavior (z=e™) to the large-n behavior.
Fof small 6, by Eq. (A.8) we have 8 ~ 2(i¢)"2 If 0 is small but m0 > 1, then
tg(mb/2)~i [see definition of 6, Eq.(A.8)] and we obtain, using
Eq. (A.11),

Y, ~2(1 — 0%/4)(1 +i0) ~ 2[ 1 + 2i(ig)*]

and consequently ¥, (n)~n "3

A4. A Self-Similar Dangling Bond

The purpose of this subsection is to show, in principle, how a trans-
verse structure different from the loop can be introduced into the model. As
an cxample of a self-similar bond that may have physical significance,
consider the “iterative” (finite or infinite) blob of Fig. 9.

Denote by B, the generating function of a single excursion into the kth
iterated blob (k-circles): B, is the generating function for a walk in which
the walker enters the kth iterated blob and returns to the backbone for the
first time. It is understood that the innermost blob is “terminated” by a
fictitious bond (by virtue of our convention). Thus, B, corresponding to a
“tadpole,” is

z\? 1

The recursion relation for B, is obtained as follows. After the first step
leaving the backbone the walker has the option to go back to the back-
bone, to enter the loop, or to proceed to the next iteration. Thus

Bk+1=<—2> [14(r,, + B+ (r, +B)?---]

B _(z 2 1
*17\4) (1—r,)—B,

Recall that ¥, !=1—r,, [cf Eq. (42)].
Equations (A.21) and (A.22) completely define the system. Define

2
AT e

(A.22)
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The solution of the recursion relation (A.22) is

z 2 H ,kal_}_H ,yk—l
B.=|-] Y, —— AR A24
¢ <4> "OH y* + H .y, (A24)

and the quantities H, and H_ are determined by B,;. Defining
x=H_/H,, we have
2\’ x+1
B ={-) Y, — A25
1 <4> n Xy + Y . ( )
Comparing Egs. (A.21) and (A.25), we find

l—zjd oy,

Note that in this case x is a function of z. Defining I"'=v _/y,, we have

N Y, L+ X!
Bo=(Z) tm XX (A27)
4) v, 14 xI'

The y, in (A.23) has a branch point at z=1 because Y, (1)=2. Under a
rotation around z=1 (see Section3) we have 7, <y _, I'—> I ' and
x—x~"' Hence B, —» xB,. However, x(1)= 1, which yields that B, has no
cut. The analog of Y,, for the kth iterated blob, denoted Yg(k, m), is

Yok, m)=1+42B,+(2B,)*+ --- = 1/(1 - 2B,) (A.28)

(the factor 2 comes from the fact that two blobs are attached to each site).
In the limit £k — oo we have from (A.28)
B= lim B, =(z/4)’Y,7:' (A.29)

k—

where I'< 1 yields y and [">1 yields y_.
The analog of Y, for the (infinite) biob is denoted ¥,(m):
1

S A e T e AT E Lo S

Y,(m) is the probability of going from the backbone through the blob and
back to the backbone (not necessarily for the first time). From (A.30) one
can in principle derive the waiting time distribution by Cauchy’s theorem.
To find the poles, simply use Y,(m) in place of ¥ :

i
7 VoM =741 (A3
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The rest of the derivation is identical to the case of the simple dangling
bond. In conclusion, we have shown on this example that any transverse
structure whose generating function is known can be solved using our
method. As we have done for the simple dangling bond, we use a
Tauberian argument to find the large-n behavior (n <m?, ie., Om> 1) for
the blob. First we calculate I° for small 6 From Eq.(A.23),

vy A1+ (—260i)"*]. Since I'=y_Jy,, we find I~ 1 +8e™8¢/* (2 = ¢?)
and I'< 1 and the positive sign must be chosen in Eq. (A.30). Hence, using
Eq. (A.31),

Yo(m)=2{1—=2[ —i(i$)"*]"?} = 2(1 + 24" *™""*)

and the waiting time distribution for the blob behaves like 1~

mediately) large n.

for (inter-

APPENDIX B. ASYMPTOTIC ANALYSIS OF THE
DISTRIBUTION FUNCTIONS

B1. Asymptotic Behavior of G,(n) and T ,(n)

For very large »n the functions G,(n) and T,(n) decay exponentially
since they are sums of asymptotically exponential functions (the pole
closest to z =1 dominates). In this Appendix we study the behavior of these
functions in the moderately large-n region so that no single exponential
dominates.

We propose to study the asymptotic behavior of T, and G,
simultaneously. These quantities are given in Eqgs. (A.18) and (4.9). We
redefine the index of summation of G in order to bring its “pole equation”
to a form similar to that of T,. Define a new index of summation by
performing the replacement p — p+ N. Then G, reads [see Eq. (A.18)]

1 N
GN(”):ml‘ Y 2 (=)

=—N+1 {6}

. 2 p . n + 27np
X sin sin
TN TN+ 1 1+ 12N 2N+ 1

it Ocos 1+ cos mf
g2 2 cos 0 sin m0 + m sin 0

For large N this is approximately equal to

2 np ., 2mp
p+1
G~ 2N+1PZI{% NI AN+
1 4 cos mf
X tg = cos™”

2 2 cos 0 sin m8 + m sin 0
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G, and T, are approximately equal to

N 0 1 +cos mb
P(n)~ — )P _tg—~ .
(n) p;?,;}( ) (p) cos 2g2msin0+sinm00056 (B.1)
with a “pole equation” of the form
C,=sin 6 tg(mb/2) (B.2)
where for Ty [see Eq. (4.9)]
1 ., mp
Fip)=—sin2 £
(p)=5sin" (B.3)
and
C,,=2sin2%l—7 (B4)
whereas for G, [see Eq. (A.18)]
2 . 2mp p
F(p)= .
P = N T a1 S v+ (8:3)
and
., TP '
C,=2sin N1 (B.6)

which for large N reduces to Eq. (B.4). Clearly, for large n, only small
values of 6 contribute to the sum in Eq. (B.1). The “pole equation” (B.4)
reads for small 0

C,x0tg(md/2) (B.7)
which, by defining
x=4mf (B.8)
and
K,=imC, (B.9)

can be written as

K,~xtgx (B.10)
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From Fig. 5 it is seen that the solutions x, take the form

X,=7s+ o, 7w/2 (B.11)

where s is a nonnegative integer. We have O<a,<n/2 and x, is the
solution corresponding to s. Note that if s = O(m), then by Eq. (B.11), x, is
O(m) and by Eq. (B.8), 8 = O(1), which does not contribute to the sum in
Eq. (B.1) because it contributes an exponentially small correction.
Equation (B.10) is

K, = (ns+oa,m/2) tg(o,m/2) (B.12)

The factor to the right of cos*'(#/2) in Eq. (B.1) is

E(s—i—ﬂ) 1+cosa,m (B.13
m 2/ n(2s+ o)+ sin(o,m/2) 13)

We consider two regimes of K,: K,> 1 and K, < 1. The first case occurs if
mC,>1 [see Eq.(B9)]. If p=O(N) [the index of summation in
Eq. (B.1)], then by Eq.(B.4), C,=0O(1) and K,> 1. Thus, in the sum of
Eq. (B.1) there are always terms with K,> 1. If m/N°>>1 [see again
Egs. (B.1) and (B.4)-(B.9)], then K, <1 is impossible. Hence, if m/N*> 1,
only terms with K, > 1 contribute to the sum. If m/N’=0O(1) or m/N* <1
we must take into account both the terms for which K,> 1 and K, < 1. We
define the respective contributions to P(n) coming from terms K, 1 and
K,<1 as P, (n) and Pg(n). Thus, P(n)~ P, (n)+ Ps(n).

The Case K,> 1. Following Eq. (B.12), K, can be large if s=0(1)
and a;~ 1 or s is large and tg(a,7/2) = O(1). In the first case (s < K,) define
y through o,=1- y, where y < 1. Hence

1
tg(a,n/2) v —>

yr/2
It follows from Eq. (B.12) that
zstt L szl—zs[;;lz —mséi(‘;;/zm (B.14)
Therefore
[ toosonasinte 24D 7 (2s+1) (B.15)

2m sin*(np/2N) " 2m2 sin*(np/2N)
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In this case, expression (B.13) is approximately equal to

 (2s+1)°
m? sin(np/2N)
In the second case (i.e., s> 1) it follows that [using expression (B.12)]

tg(o,m) =~ —

2
—fz—” (B.16)

2

Since s» 1, by assumption, it follows that «, <1 and expression (B.15)
approximately equals
1 1

m1+K2n’s?

Approximating cos(8/2), for 8 < 1, by an exponential and using Eqs. (B.8)
and (B.11), we find for s=0(1) (a,x 1)

cos™(6/2)  exp[(—n*/42)(2s + 1) n]
and for s> 1 (o, < 1)
cos™(0/2) = exp[(—n*/m?) s’n]

Finally, P,(n) reads

S Fp)
~ Y o R L A,
Pum~Zs L " iam
¥ @saren| - 20 #1yn
= S eXp 4m2 A

L2 e $ e[ B
+E Y (=)*'F(p) . exp<~m2s n> (B.17)

P = Pmin s=K,

where p, is the smallest p for which K,> 1. If m/N>> 1, then p, =1
because K, > 1 in this case [see Egs. (B.9) and (B.4)]

P,(n)x~ P(n) when m/N?» 1 (B.18)

When n <m? the summation over s in the first term in Eq. (B.17) can be
replaced by an integral over s. The contribution of this term, which we
denote by P{(n), can be written

1 N
Pimyx—= 3 (=)

P = Pmin

F
(p) PR

] (B.19)

B
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If also n» N* then the second term in Eq. (B.17) can be neglected with
respect to P,(n), since
n n_n
(K,.) g (K,)* o >_]\7‘i
[see Eqs. (B.9) and (B.4)]. Hence, in this case P,(n)~ P(n). As explained,
this approximate equality is true for m*> n> N* In this case P,(n)~n *?
and we have a power law decay of P,(n).

Since the mean first passage time (MFT) is O(mN?), then, when
m/N*> 1 [by Eq. (B.18)], Ty(n) and G,(n) are within the range of power
law behavior near the MFT. In practice, even if the second term is not
exponentially small, one may still obtain a power law behavior dominating
over the contribution of the second term of P, (n). When N > m, the second
term is O(1/m), whereas the first term in Eq. (B.17) is O(N*/m*) (because
of the sine in the denominator) and thus P,(n)~ P,(n) again. If m> 1 and
n<m?, the summation over s can be replaced by an integral as before and
we obtain the same power law behavior. In this case the conditions are
N> m> 1 and N <n<m? which implies N < m* < N°.

We thus found two regimes in the (m, N, n) space where we expect
power law behavior of P, (n). However, for m < N°, one must add to P, (n)
the terms with K, < 1.

The Case K, < 1. In the sequel we shall have to evaluate sums of the
type

- P

S=) ()74 (—) (B.20)
p=1 N

where 4 is a function of p/N. To perform this sum, we define an index ¢

such that p=2¢+ o, where 6 =0, 1. Equation (B.20) becomes

1 M2 A(2g/N)— A(2q + UN)
S== % 7 (B.21)

g=1

If A(2g/N)— A((2q + 1)/N) is O(1/N),
N2 A |

S= — — (B.22)
dx | coyn N

g=1
Approximating the sum by an integral, we find
S~ifA(1)— A(2/N)] (B.23)
K, <1 implies ¢, <1 from Eq. (B.12), which becomes
K, ~in(2s + o (o m/2) (B.24)
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Using Eq. (B.9), we have

Hence, for s=0
% z% Jm (B.25)

and for s #0

p’

— B.26
35 (B.26)

2|§

In Eq. (B.1) the terms with K, <1 (Pg) separate into two contributions:
those for which s =0 and those for which s#0. Thus

Py(n)=P,_y+ P, .o

where

P, on)~—p‘;]< P Ao () @2)

From Eq. (B.13) the cosine factor to first order in «, [i.e., keeping the term
O(m/N?)] is

Hence

Pooimx &% (= Fpyes| <5450 ) | (28)

p=ts#0

Obviously, the double summation in Eq. (B.28) decouples to a product of
single summations. Hence

N ! 2 m —7(2 ,
g ) F(p)exp(zN2 pn) > exp< e s*n)

s#0

1
n _
.\#0( m

(B.29)
which, approximating the sum over s by an integral (if n <m?), becomes

1 2
o) gy XV R e (50 0m)  (830)
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If n>m? then the sum over s equals approximately exp[(—n*/m?)n].
Note that if we write P,_, in the form

|
P,_o=—f(n) (B.31)
m
then P,_, reads for n<m?®
1
P.v;eo:Wf@”) (B.32)
and for n>m?
1 —?
Ps;eo:;n‘ exp poe n)|f(2n) (B.33)

We now calculate f(r) for T and G, separately. For T, by Eq. (B.3),

o £ v (2 oo 25 (3

which is of the form of Eq. (B.20), yielding, by Eq. (B.23),

f(n)zn—zexp<-n2 ) (B.34)

—n
mN?

y (k)p+l%exp [ﬁ—(%) n:l (B.35)

Using Eq. (B.23), we obtain

T —n’
If n<mN?, ie, n<MFT, the exponentials in Eq. (B.34) and (B.36) are
approximately of order unity. We summarize the results of this Appendix:

a. When m/N?<1, then, in the region m?<n<mN? P(n) is
approximately constant (plateau region). The reason is that for n> m? the
terms corresponding K, > 1 are exponentially small [see Eq. (B.17)]. In
this case the contribution P,_,(n) to Pg(n) is also multiplied by a factor
~e " [see Eq. (B.33)]. Therefore, only P,_, survives [see Eq. (B.31}].
Finally, for n<mN? f(n) is approximately constant [see Egs. (B.34),
(B. 36)]. Compare this result with the plateau in Fig. 7.
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b. When m/N?>1 only terms corresponding to K,> 1 contribute
and we have an n~*? behavior until n~ m? Hence

m/N* < 1 m*<n<mN?*  plateau
m/N?> 1 m*>n»>mN>  n 7

For n larger than max(m?, mN?) the decay is exponential.

B2. Asymptotic Behavior of W ,,(n)
¥,(n) is given by Eq. (A.20) and its pole equation is
1 =sin 0 tg(mb/2)

Hence, C,=1 and K,=m/2 [see Eq. (B.9)] and in this case K,» 1.
By the previous analysis we have for s € m/2

2541
aal—220 gl st
m m

5

For s = O(m/2) we have «, ~ m/n’s and 0 ~ 2ns/m [ie., 8 = O(1)], which is
exponentially small for large n. Thus, Eq. (A.20) becomes

ntr o 2s+1 —n? 25+ 1\?
E;( ) xpl: ; ( . >n:| (B.37)

Approximating the sum by an integral, we find

1
¥ (nyx—=n"""? (B.38)
T

which is valid as long as the exponential factor is O(1), ie., n <m? after
which the decay is exponential (see Fig. 8). Thus, very long dangling bonds
introduce an algebraic tail in the distribution functions.

APPENDIX C. PROBABILITY DISTRIBUTIONS WITH BIAS

As in the test, we have a probability p, to move from left to right on
the backbone and p, < p, from right to left. We choose p, + p,=1/2. This
will not limit the generality of our results. As in the text [see Eq. (4.3)],
one can develop a recursion relation for Q,.*") In principle one should
define two types of Q5, Q4" and Q,, corresponding to walks where the
walker moves from point “0” back to point “0” or from point “N” back to
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point “N.” However, it was shown in Ref. 19 that Q" =0, . We thus use

Q to denote these quantities. Following Ref. 19,

Y,
QN+1=P1P222]jm

where Y, is defined in the text [see Eq. (4.2}].
it was also proven in Ref. 19 that

N
P
r=(2)' 7,
N p2 N

with obvious notation. The second recursion relation is

THTyY,
1— YmQN

Using Eq. (C.2), we rewrite (C.3) to read

2 N T+2Ym
QN+1:QN+<'§:> .
1

QN+1:QN+

1—Y, 0,
Define
(1 a2
and
a=p, p,2°Y,
Hence
A 1—a¥"!
O =T T
and

1—4

(o™ 12 - 4(N - 1)2
Tﬁ=(1—p—> (prpa) " 2™ gy

2

The poles of Q, and T, are located at
A,=eN p=1.,N-1
Using Egs. (C.5)—(C.6), we obtain

(P1p2)"?2Y,=4,7/(4,+1)

(C.1)

(C4)

(C.9)

(C.10)
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The “pole equation” is

1
1/2 _
(ppa) 77 2Y, 3 cos(p/N) (C.11)
We can write G}, as [see Eq. (A.15)]
Gy=4,Ty/(1-4,0y) (C.12)
where
A V=Y, '~ p,z (C.13)
or
- :<—p_l>N/2 (p , )1/2 v A(Nfl)/Z(l ?A2)
Y oA\p, T Lpafp) AT (1= AN+ 1= AN
(C.14)

The poles in Eq. (C.14) must be found numerically in order to find the
corresponding values of z. For each of these poles Eq. (C.10) must be
solved (numerically). The residue must be calculated and the summation
on the poles must be performed. In the limit of vanishing bias we of course
recover Eq. (A.15). Another calculable limit is that of infinite bias, ie.,
py=3, p,=0, ie, the bias is so strong that the carrier has zero probability
to jump against the field. In this case G% (i.e., G for infinite bias) can be
found directly as follows. Starting at site “0”, the carrier performs any num-
ber of incursions into the loop, which yields Y,,, then goes to site “1,”
where the process repeats itself with N — 1 sites left. Thus

G =42, G5 = (4zY,,)" (C.15)

[in this case G¥(z) obviously has multiple poles in the complex plane].
We return to the case of finite bias.
In order to calculate the MFT 1z, it is useful to define a new variable {:

A = et (C.16)

Gy reads

(C.17)

G _<ﬂ /2 sin {
N P2> sin (N + 1) { — (p%/p,)"* sin(NC)

The MFT is
t=(Gh/Gr): (C.18)
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Define b, the bias parameter, as (b oc E) (see Section 5)

pi=ke® and  p,=re? (C.19)
where
K = 1/(4 cosh b) (C.20)
At z=1 we have
e
{(=(—i/2)lnA=ib (C.22)

We finally obtain

t=(2m—1)coth b [coth p_(NA1)cosh[(N+1)b]~ e*chosh(Nb)]

Sinh[(N+ 1) 5] — e 2 sinh(Nb)

(C.23)
For bN > 1 we have
t=N(2m—1)coth b (C.24)
and for & > 0 and AN <1 we have, after some algebra,
1 N(N+ 1)2m—1)(1 —bN)/3 (C.25)
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